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SUMMARY 

Open-loop pulsed transfer func t ions  of t h e  s impl i f i ed  t h r u s t  

v e c t o r  c~ntrol system f o r  a Saturn-type veh ic l e  wi th  an unsampled 

i n p u t  are der ived by the  f i c t i t i o u s  sampler and f i c t i t i o u s  hold 

method and by the  desc r ib ing  func t ion  method. Both methods are 

approximate wi th  accuracy depending on t h e  low-pass na tu re  of t h e  

system. Typical  examples o f  both methods a r e  given. 

v i i i  
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point 6. 

This report is concerned with obtaining a Nyquist diagram for 

the system shown in Figure 1 broken at 8,. 

are the fictitious sampler and fictitious hold method and the des- 

cribing function method. 

on the low-pass nature of the system. 

limitations of each are presented in the following sections of this 

report. 

The two methods described 

Both methods are approximate and depend 

The two methods and the 

DIGITAL COMPENSATION OF THE THRUST VECTOR CONTROL SYSTEM 

I. INTROCUCTION 

Ii complete analysis of t he  system s h ~ m  ir! Fignrt! L requtrcs t h e  

determination of the gain and phase margins in each of the three 

channels. 

the system in each of the three channels, obtaining the open-loop 

transfer function of the system for each channel respectively, and 

investigating the Nyquist diagram of each of these transfer functions 

about the minus one point. An open-loop transfer function can 

readily be obtained if the input signal is sampled before passing 

through a continuous-data element. An example is the system shown in 

Figure 1 broken at the point @. 
not be written, however, if the input signal is acted upon by a con- 

tinuous-data element in the system before being sampled. An example 

is the system shown in Figure 1 broken at the point $ or at the 

These margins may be determined analytically by breaking 

A open-loop transfer function can 

e 
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Appendix A gives some basic sampled-data control system theory 

and has been included to provide a common ground for the reading of 

t h i s  report. 



3 

11. FICTITIOUS SAMPLER AND FICTITIOUS HOLD METHOD 

.I. E .  Bnland 

This chapter  i s  concerned wi th  t h e  d e r i v a t i o n  of an  approximate 

t r a n s f e r  func t ion  o f  t h e  systeiii ShObii lii Figure 1 k c k e n  in the 9 

channe 1. 

C 

Der iva t ion  of Input-Output Expression of System Broken i n  2c Channel 

In  o rde r  t o  determine the  ga in  and phase Fzrgins of t h e  sys tem 

shown i n  Figure 1 broken a t  Be, t h e  open-loop t r a n s f e r  func t ion  must 

be obtained at  t h i s  po in t .  I f  t h e  system i s  broken as shown i n  

F igure  2,  t h e  sampled output ,  Xo, i s  given by 
* 

Equation (l), however, i s  no t  a t r u e  t r a n s f e r  func t ion  s i n c e  t h e  

inpu t ,  Xi, cannot be f ac to red  out  of  t h e  output  expression.  

s i d e s  of  (1) are d iv ided  by X i ( s ) ,  t h e  r e s u l t i n g  t r a n s f e r  func t ion  

i s  dependent on the  input  and is  t h e r e f o r e  not  a t rue t r a n s f e r  

func t ion .  I n  genera l ,  i f  t h e  input  t o  a d i s c r e t e  system i s  ac t ed  

upon by a cont inuous-data  element before  being sampled, it cannot be 

f ac to red  ou t  of t he  r e s u l t i n g  output  express ion  and t h e r e f o r e  no 

t r a n s f e r  func t ion  can be w r i t t e n .  

I f  both 

* 

3 
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Fictitious Sampler and Fictitious Hold Operating at a Multiple Rate 
o f  Basic Sampler 

Since a transfer function for a discrete system cannot be written 

unless the input is sampled, one IIlethod o f  obtaining an approximate 

transfer function is to insert a fictitious sampler and fictitious 

hold at the input terminal as shown in Figure 3 .  The fictitious 

sarplzi, hawever, introduces an infinite number of harmonic components 

that are not present in the original system. The effects of these 

harmonics will now be investigated. 

First, the possibility of operating the fictitious sampler at a 

n i c h  higher rare than the rate of the basic sampler was investigated 

The higher the sampling frequency of the fictitious sampler, the less 

effect it has on system performance. Theoretically as the sampling 

frequency approaches infinity, the effects of the fictitious sampler 

and hold become completely negligible. 

The fictitious sampler can be represented by a flow graph as 

sham in Figure 4 if its sampling rate is an integral multiple, N, 

of the basic sampling rate of the sampler in the Q channel. Figure 

5 is the composite signal flow graph representing the system shown 

in Figure 3 illustrating the case of the sampling rate of the fic- 

titious sampler being twice that of the digital sampler. By using 

Mason's gain formula' the  pulsed output, X o ( s ) ,  can be expressed 
* 

as 
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No transfer function can be obtained from_ (2) S ~ S C ~  v ai\a / - \  J L Q L I ~ I U C  ---- be 

factored out of the second term. This is true because 

The generalized form of (2) expressed in modified z-transform form 

is 2 

N- 1 

where 

r 1 2 ~cpTs”E(s)]= zE(z, P/N) 0 < PJN - < 1 



I 
6 

and 

r -l 3 [ E  -PTS /N E(s)]= E(z ,  1-P/N) 0 < P/N 5 1 

The results of (2), (3) ,  and (4) show that if the rate of the 

fictitious sampler is not identical to the bisic saiiipling rate o r  the 

system, no transfer function can be written. 

Fictitious Sampler Operating at Bas-iE Sampling Rate of System 

Since, as shown in the above sectim, a traiisfer function cannot 

be obtained for the system broken in the 8, channel unless the signal 

is sampled in this channel at the same rate as the sampler in the 

@ channel, the effects of adding a fictitious sampler and hold in the 

B, channel and then compensating analytically for their effects on 

the system was investigated. 

If the continuous input to the fictitious sampler is E ( s ) ,  the 

sampled output is given by 

m 

term i n  (5) is included to account for the effect of the e (o+) 
2 

The 

sampler when the input signal has a jump discontinuity, e(o+), at 

t = 0. e (O+> For the system shown in Figure 3 (with N = l), the - term 
2 
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i s  zero.  I f  t h e  h ighes t  input  frequency of  t h e  input  s i g n a l ,  e ( t ) ,  t o  

t h e  sampler i s  w the  frequency spectrum of t h e  sampler ou tput  i s  

as shown i n  Figure 6 .  

magnitude and phase 

fundamental p l u s  a l l  t h e  harmonic frequency components of t he  sampler 

ou tput .  

C’ 

For some input  frequency LL \ < uc the  output  

i n  Figure 3 will be the combir?ed e f f c c t  c~f the 

I n  s e l e c t i n g  t h e  f i c t i t i o u s  hold t o  be used, one of t h e  des i r ed  

c h a r a c t e r i s t i c s  i s  a high a t t e n u a t i o n  of t h e  h ighe r  frequency har -  

monics generated by the  sampler. The zero-order  and polygonal holds  

w e r e  considered wi th  t r a n s f e r  func t ions  as given below. 

- ST - 1 - E  

Ho - S 

-Ts 2 
E T S ( l  - E 

2 
Ts 

% =  

The polygonal hold i s  no t  phys i ca l ly  r e a l i z e a b l e  s i n c e  i t  r e q u i r e s  a 

p r e d i c t o r ,  but  t h i s  causes no concern here  s i n c e  i t  i s  introduced 

f i c t i t i o u s l y  and used only fo r  a n a l y t i c a l  a n a l y s i s .  The ga in  and 

phase p l o t s  f o r  varying 

7. It w a s  f e l t  t h a t  t h e  polygonal hold would g ive  b e t t e r  r e s u l t s  

s i n c e  i t  in t roduces  no phase s h i f t  and a t t e n u a t e s  t h e  h igher  f r e -  

quency components cons iderably  m o r e  t han  t h e  zero-order  hold.  

w for  t h e  two holds  are as shown i n  Figure 
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I n  a d d i t i o n  t o  the  a t t enua t ion  introduced by t h e  hold,  t he  low- 

pass  na tu re  of t h e  system w i l l  a l s o  a t t e n u a t e  t h e  harmonic components 

o f  t h e  output  of t h e  sampler. Consider ing only s ix  bending modes, 

t h e  h ighes t  frequency component t h a t  must be considered i s  approxi- 

mate ly  o / 4 ,  o r  6.25 hz. 

t h i s  i npu t  frequency is 25 hz  - 6.25 hz o r  18.75 hz. The polygonal 

The predominant r e f l e c t e d  frequency f o r  
S 

hold  a t t e n u a t e s  t h i s  r e f l e c t e d  frequency by 20.9 db i n  a d d i t i o n  t o  

t h e  a t t e n u a t i o n  introduced by t h e  system. For input  f requencies  l e s s  

than  6.25 hz, t h e  a t t e n u a t i o n  o f  t h e  f i r s t  r e f l e c t e d  frequency by 

t h e  polygonal hold i s  much g rea t e r .  

I f  t h e  f i c t i t i o u s  sampler shown i n  Figure 3 i s  ope ra t ing  a t  t h e  

same rate as t h e  sampler i n  the @ channel,  t he  open-loop approximate 

t r a n s f e r  func t ion  f o r  t h e  system broken i n  t h e  pc channel i s  

The t r a n s f e r  func t ions  shown i n  t h e  block diagrams of Figures  I, 

2, and 3 a r e  def ined  as follows: 

625 
s + 25s + 625 wss(s) = 2 
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The cons t an t s  of t hese  t r a n s f e r  func t ions  were taken from a s e t  of 

t y p i c a l  d a t a  a t  f o r t y  seconds f l i g h t  time f o r  a Saturn V veh ic l e .  

Curve A of Figure 8 i s  the Nyquist diagram of t h e  continuous 

system shown i n  Figure 3 wi th  both samplers and the f i c t i t i o u s  hoid 

removed and i s  included f o r  comparison purposes.  Curve B i s  t h e  

compensated Nyquist diagram of t h e  sampled system wi th  a f i c t i t i o u s  

zero-order  hold i n  t h e  @ channel. The compensated Nyquist diagram 

i s  t h e  diagram of ( 7 )  w i t h  t h e  db a t t e n u a t i o n  and phase l a g  introduced 

by t h e  f i c t i t i o u s  zero-order  hold on the fundamental frequency a d d e d  

back i n t o  t h e  diagram. Curve C i s  t h e  compensated Nyquist of t h e  

sampled system wi th  a f i c t i t i o u s  polygonal hold i n  t h e  8, channel.  

Curve C y  however, coincided with Curve A out  t o  approximately 8 hz 

and could not  be p l o t t e d  as a sepa ra t e  curve. The frequency responses  

of both t h e  zero-order hold and polygonal hold are s h a m  i n  Figure 7. 

C 

A s  shown i n  Figure 8, t he  f i c t i t i o u s  polygonal hold g ives  more 

accu ra t e  r e s u l t s  than  t h e  f i c t i t i o u s  zero-order  hold.  This w a s  

expected, however, s ince  the  polygonal hold a t t e n u a t e s  t h e  h igher  

frequency components introduced by t h e  f i c t i t i o u s  sampler more than 

t h e  zero-order  hold.  It should be pointed out  t h a t  t he  sampled- 

system Nyquist should n o t  coore l a t e  e x a c t l y  wi th  the  cont inuous Nyquist 

because of t h e  h ighe r  frequency harmonics introduced by t h e  sampler 

i n  t h e  @ channel.  Most of the e f f e c t s  of t hese  h ighe r  harmonics, 

however, are f i l t e r e d  o u t  by the low-pass na tu re  of t h e  system f o r  

input  f requencies  l e s s  than  wS/4. 
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ded  t h a t  both the f i c t i t i o u s  zero-order  hold and 

t h e  f i c t i t i o u s  polygonal hold w i l l  yielc2 accu ra t e  r e s u l t s  a t  f r e -  

quencies  less than  ws/4 wi th  the polygonal hold y i e l d i n g  t h e  most 

a c c u r a t e  r e s u i r s  up t o  appr~xLizatcly 8 o r  9 h z ,  

Der iva t ion  of  Approximate Transfer  Function Using a F i c t i t i o u s  Sampler 
and F i c t i t i o u s  I d e a l  Hold 

I n  the  previous s e c t i o n  of t h i s  chapter  an approximate t r a n s f e r  

func t ion  w a s  ob ta ined  by i n s e r t i n g  a f i c t i t i o u s  sampler and f i c t i t i o u s  

hold a t  t he  input  te rmina l .  The b e s t  f i c t i t i o u s  h o l d  i s  one t h a t  

completely f i l t e r s  ou t  t h e  harmonics generated by the  f i c t i t i o u s  

sampler.  The polygonal hold used i n  t h e  previous s e c t i o n  i s  t h e  b e s t  

ho ld  found t h a t  can be expressed a n a l y t i c a l l y .  This hold w a s  seen 

t o  y i e l d  good r e s u l t s  f o r  t h e  low-pass system shown i n  Figure 1. 

The e f f e c t s  of t he  harmonics generated by the  f i c t i t i o u s  sampler 

can  be completely e l imina ted  by u s ing  a f i c t i t i o u s  i d e a l  f i l t e r  w i th  

c h a r a c t e r i s t i c s  as shown i n  Figure 9. The i d e a l  f i l t e r  can be repre-  

sen ted  by 

j@ (w) 
H ( jw )  = A(w)e I 

where 

A ( o )  = T I4 5 Iq! 

and @(a) = 0, g iv ing  no phase s h i f t  through t h e  f i l t e r .  
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The s y s t e m  of Figure 10 w i l l  be used t o  i l l u s t r a t e  t h e  develop- 

ment of a t r a n s f e r  func t ion .  The sampled output  f o r  Figure 10 i s  

g iven  by 

The open-loop t r a n s f e r  func t ion  of t he  system shown i n  Figure 10 i s  

Expanding (12), 

* 
= [H G ( j a )  + HIG(jLo - j w  ) + H G ( j w  + jus) 

R*(s) T I S I 

1 2 j u )  + H G ( j c u +  2 j%)  + ..... + I $ G ( j u  - 
S I 

I f  t h e  input  frequency, w, is  less than  w /2 ,  a l l  of t he  terms i n  

(13) w i t h  t h e  except ion  of t h e  f i r s t  term w i l l  be zero,  s ince ,  as 

shown i n  Figure 9, t h e  i d e a l  hold completely a t t e n u a t e s  a l l  fre- 

quencies  g r e a t e r  i n  magnitude than  cu,/2. 

S 

Therefore  (13) reduces t o  



12 

But from Figure 9 , H  (jo) = T f o r  Imlless than /ms/21. 

becomes 

Therefore (13) I 

or 

The output  of the  i d e a l  hold i n  Figure 10 i s  R ( s ) ,  s i n c e  %(s) 

e x a c t l y  r e c o n s t r u c t s  t he  sampled input .  

ou tput  i n  Figure 10 i s  

Therefore t h e  cont in ious  

C(jc0)  = G(jcu)  R(jw) 

o r  

Equations (15) and (16) show t h a t  f o r  i npu t  f requencies  less than 

cu /2, t h e r e  i s  no e f f e c t  from t h e  i n s e r t i o n  of the  sampler and i d e a l  

hold i n t o  the  system. 

S 
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The r e s u l t s  shown i n  (15) and (16) are very important when 

13 

analyz ing  systems wi th  inpu t s  t h a t  are not  sampled before  passing 

through a continuous element. The sampled output  of Figure 11 i s  

(17) 

No t r a n s f e r  func t ion  can be w r i t t e n  s i n c e  the  input  cannot be f ac to red  

ou t  of t h e  output  express ion  i n  (17).  By i n s e r t i n g  a f i c t i t i o u s  sampler 

and i d e a l  hold a t  t h e  input  te rmina l  as s h m  i n  Figure 12 and us ing  

the  r e s u l t s  of (15) and (16),a transfer func t ion  can be obtained and 

i s  given by 

n=-m 

Equation (18) i s  v a l i d  only for  i npu t  f requencies  less than  uS/2. 

For 0 < 03 <a /2, (18) g ives  an exac t  Nyquist diagram f o r  t h e  open- 

loop system shown i n  Figure 11. 

S - -  

, 
I f  t h e  open-loop system shown i n  Figure 11 i s  c losed ,  however, 

(18) does n o t  g ive  an accu ra t e  Nyquist diagram f o r  t h e  closed-loop 

system about t he  minus one poin t .  

t h e  harmonic components generated by t h e  sampler being fed  back i n t o  

The reason f o r  t h e  inaccuracy i s  

G ( s j .  The e f f e c t s  of t h e  harmonics vere no t  considered i:: t h e  cpen- 
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loop system. I f  t h e  system i s  low-pass, however, these  harmonic 

components are n e g l i g i b l e ,  thereby al lowing the  nega t ive  of (18) t o  

be inves t iga t ed  about t h e  minus one po in t  t o  determine the  ga in  and 

phase margins of t h e  closed-loop system. 

The i d e a l  ho ld  method of a n a l y s i s  can be appl ied  t o  t h e  system 

shm-  in Ftg2re 2 wi th  t r a m f e r  52r?cticns as defined by ( 6 )  aid (8;. 

The open-loop t r a n s f e r  funct ion,  O.L.T.F., obtained by the  f i c t i t i o u s  

sampler and f i c t i t i o u s  i d e a l  hold method of a n a l y s i s  presented above i s  

O.L.T.F. = G2WSs(s) + G1(s) 

n-m 

When t h e  loop i s  closed at Be, t he  system shown i n  Figure 1 can be 

redrawn as shown i n  Figure 13. The closed-loop t r a n s f e r  func t ion  

can now be expressed as 

- -  xo O.L.T.F. - 
1-O.L.T.F. 

o r  

- _  '0 O.L.T.F. - 
l+(-O.L.T.F.) 
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The Nyquist o f  t h e  nega t ive  open-loop t r a n s f e r  func t ion  w a s  then  

obta ined  by us ing  t h e  d i g i t a l  computer program shown i n  Appendix B. 

This  Nyquist d i f f e r e d  from t h e  continuous Nyquist shown i n  curve A 

o f  Figure 8 by only  -05 db and . 3  degrees  at u) = LU /2 and t h e r e f o r e  

could  not  be p l o t t e d  as a sepa ra t e  curve. 

e f f e c t s  of harmonics generated by t h e  sampler tali be csnaidzred 

n e g l i g i b l e  f o r  t h e  low-pass system given  by (8). 

S 

This i n d i c a t e s  t h a t  t he  

Although t h e  i d e a l  hold method of a n a l y s i s  agrees  very  c l o s e l y  

w i t h  t h e  ccxt inuous system, it is be l ieved  t o  be more accu ra t e  than 

t h e  continuous system s i n c e  the  e f f e c t s  of t h e  ‘nigher harmonics 

generated by t h e  sampler i n  the forward loop are considered.  However, 

more work must be done i n  t h i s  area wi th  systems t h a t  are no t  as 

low-pass as t h e  system descr ibed by (8) t o  determine t h e  v a l i d i t y  of 

t h i s  s ta tement .  

15 



111. APPROXIMATE TRANSFER FUNCTION 
USING THE DESCRIBING FUNCTION ANALYSIS 

R. E. L i t t l e t o n  

Figure 14 is a block diagram of t h e  th rus t -vec to r  c o n t r o l  system 

inc lud ing  t h e  bending modes. An opefi-lcep transfer fiiiiction can be 

w r i t t e n  when t h e  system i s  broken i n  t h e  @ channel only.  However, 

an open-loop t r a n s f e r  func t ion  i s  needed f o r  each channel.  An 

approximate method i s  given below which w i l l  a l low a t r a n s f e r  func t ion  

t o  be w r i t t e n  f o r  t h e  o the r  channels,  n.e method iises descr ib ing-  

func t ion  techniques.  

Der iva t ion  of t h e  Descr ibing Function f o r  t h e  Sampler and Zero-Order Hold 

F igure  15 i s  a graph of the input  and output  t o  t h e  sampler and 

zero-order  hold where t h e  input  i s  O . ( t )  = sin(cut + 6). Then 
1 

m 
1 f \ 

O i  ( t )  = sin(u?nT + e ) s ( t -nT)  L 
n=O 

and I 

m 

O o ( t )  = 1 sin(onT + 6)  u[t - (n + 1)T] ) (22 1 
n=O 

16 



!1  . 
The Four ie r  s e r i e s  f o r  Q ( t )  can be used t o  f i n d  the  magnitude of 

i t s  fundamental frequency. 

0 

The Four ie r  c o e f f i c i e n t s ,  Ck,  where 

L.2 
k=-m 

17 

and where L i s  the  t o t a l  period of t h e  output  wave, a r e  

a- 1 
s i n ( m T  + 9 ) s i n  t ; T )  - e- jkn(2n+l)T/2 

n=U 

q i s  def ined  as Tq = L, and i s  t h e  smallest poss ib l e  i n t e g e r .  

magnitude of t h e  kth harmonic of t he  output  i s  21Ckl . 
The 

The p l o t s  of t h e  magnitude and phase l ag  of the  fundamental 

f requency of Qo(t) a r e  given i n  F igure  7. 

be t h e  same as t h a t  f o r  t he  t r a n s f e r  func t ion  of the zero-order  hold,  

The p l o t s  were found t o  

- j L T  
1 - e  

Ho(jw) = j u  

w i t h  t h e  except ion of w = w /2. A t  w = w /2 
S S 
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This occurs because, at an input frequency of oS/2, the output funda- 

mental is composed of two terms. The additional term is due to the 

reflected frequency and the sum of the two terms is phase sensitive. 

The transfer function of the zero-order hold is therefore used for 

its describing function. 

4 J - - -  -.a:-, F . . , ~  ;,,- ine U ~ ~ , L ~ L U L L L ~  IuLLLtIVL. is gccd only fc?r frequenci~s less than 

w /2. 

a subharmonic frequency is generated at a frequency less than us/2. 

This subharmonic cannot be ignored. 

ine Describing Function of the Digi ta l  Com,pensator 

This is true since, for an input frequency greater than (us/2, 
S 

4 

3 jwT 
According to J. M. Salzer, the substitution z = esT1 = e 

may be used for the digital program of  the digital computer since 

the program only holds, sums and multiples. Therefore the transfer 

function of the digital compensator used in Chapter IV of the first 

technical report 

s=ju 

2 - 0.99) 
z - 0.90 D(z) = ( 

be comes 

j u T  e - 0.99 
ejuT- 0.90 

D(jw) = 

for the frequency analysis. D(ju) is the describing function for the 

digital compensator. 
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The same D(z) may be r e a l i z e d  us ing  a zero-order hold and 

continuous network but  t h e  frequency response would depend on t h e  type 

network used, s ince  t h e  same z-transform may be obtained wi th  d i f f e r e n t  

types  of networks. 

The Nyquist Diagram of  t h e  System Using t h e  Describing Function Approach 

The following equat ions were used f o r  t h e  t r a n s f e r  func t ions  of 

t h e  system shown i n  Figure 14. 

- TS 25(1 - E 
Ho(s) = 

S 

cTS - 0.99) 

( 2 s  - 0.90) 
D ( s )  = ( 

625 

s2 + 25s + 625 
wss(s> = 

- 0.94068468 GIR(s) = 
s2 - 0.02972784 

0.0065323138(s2 + 498.59362) 
s + 0.064905305s + 42.126986 

GIBI(s) = 

- 0.0040378959(s2 + 485.48033) 

s2 + 0.12013450s + 144.32299 
G I B Z ( s )  = 

- 0.0053896739(s2 + 470.36052) 

s2 + 0.1837817s + 337.76255 
GIB3(s) = 

(33) 

(34) 

(35) 



0.0058368238 (s2 + 469.03256) 
G I B ~ ( S )  = 

s L  + 0.22481237s + 505.40603 

- 0.94068468s 
s = C.92372734 

G2R(s) = 

0.0065323138s (s2 + 498.59362) 

s2 + 0.064905305s + 42.126986 
G2Bl(s) = 

- 0 .0040378959~(~  + 485.48033) 
G2B2(s) = 

s2 + 0.12013450s + 144.32299 

- 0 .0053896739~(~  + 470.360521 
G2B3(s) = 

s2 + 0.18378317s + 337.76255 

0.0058368238s (s2 + 469.032561 
s2 + 0.22481237s + 505.40603 

G2B4(s) = 

20 

(36) 

The equat ions f o r  t h e  bending-mode e f f e c t s  were obtained from t h e  

data furn ished  by t h e  Astronics  Laboratory, Marshall  Sp,ace F l i g h t  

Center a t  40 seconds of  f l i g h t  time. 

The Nyquist diagrams of  t h e  system broken i n  t h e  d i f f e r e n t  

channels  us ing  t h e  descr ibing-funct ion approach are given i n  Figures 

16 ,  17 ,  18, 19 ,  20 and 2 1 .  

t h e  -1 po in t  o r  0 db a t  180 degrees f o r  determining t h e  s t a b i l i t y  of 

t h e  system. 

The p l o t s  are s h i f t e d  180' i n  order  t o  use  



The equations used to obtain the open-loop response broken in 

different channels are: 

DF?W,,(G1R 4- GlBl 4- G l E 2  -!- '3133 + GI%) - 
1 - Wss(G2R + G2B1 + G2B2 + G2B3 + G2B4) (jU) 

4 open-loop = 

p, open-loop = W (G2R + G2B1 + G2B2 + G2B3 + G2B4) 
SS 

21 

the 

(43 1 

(44 1 

+ (G1R + GlBl + G1B2 + G1B3 + G1%) DHo (ju) 1 
Figures 16,17 and 18 are with no bending modes and Figures 19,20 and 

21 are with 4 bending modes. 

An attempt was made to check the results of 4 open-loop using the 

describing function with that of 4 open-loop using the z-transform 

Nyquist diagram since a transfer function can be written for this case. 

Trouble was encountered carrying enough significant figures in the 

z-transform computer program. See Figure 22. Thus, 
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w a s  used ins tead?  For a low-pass system, good r e s u l t s  are obtained 

us ing  only a few terms of  ( 4 7 ) .  Then, 
(47 1 

The r e s u l t s  of (47) are shown i n  Figure 19 f o r  two cases, f i r s t  when 

( 4 7 )  w a s  approximated vary ing  n through 2 2 and when n w a s  va r i ed  

through 2 10. The two cases  were p r a c t i c a l l y  i d e n t i c a l  s o  t h i s  w a s  

e m s i d e r e d  as t h e  c i j r rec t  Nyquist diagram. The d i f f e r e n c e  i n  the  two 

cases w a s  i n  t h e  second and t h i r d  s i g n i f i c a n t  f i g u r e s .  Appendix B 

is  a sample program of t h e  d i g i t a l  program used t o  make these  calcu-  

l a t i o n s .  Also, as can be seen from t h e  same f igu re ,  t h e  desc r ib ing  

func t ion  Nyquist diagram obtained i s  n e a r l y  t h e  s a m e  as t h a t  when 

u s i n g  ( 4 7 ) .  Thus, t he  descr ib ing  func t ion  approach should g ive  

e x c e l l a n t  r e s u l t s .  See Table 1. The p o l e s  o f  0 open-loop a r e  

- e 3  ~ 

~ 

s = 1 - 2.63 + jnu, 
n=-m 

s1 = 0.0 

S, = - 0.9527 
L 

~3 = 0.0306 
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s = 1.283 - j6.104 
LL 

s = 1.283 + j6.104 
5 

= - 0.5337 - j12.48 
' 6  

s = -  0.5337 + j12.48 7 

0.1477 - j 2 2 . 6 1  '8 = - 

s = - 0.1477 + j22.61 
9 

SI0 = - 11.69 - j21.67 

s = 11.69 + j21.67 11 

512 = - 0.3320 - j18-75 

513 = - 0.3320 + j18.75 

The system i s  uns tab le  with t h e  bending modes included s ince  

t h e r e  are t h r e e  poles  of t he  open-loop t r a n s f e r  func t ion  i n  t h e  r i g h t -  

h a l f  s-plane,  P = 3 and N = 1. Therefore ,  z = P - N = 2.  



IV.  CONCLUSIONS 

The f i c t i t i o u s  sampler and f i c t i t i o u s  i d e a l  hold method of 

acaljlsis gives  an exac t  Nyquist f o r  t h e  open-loop system shown i n  

Figure 2. When t h e  loop is closed, however, i n v e s t i g a t i o n  of t he  

open-loop Nyquist about the  minus one po in t  leads t o  inaccura t e  

r e s u l t s  due t o  the  h igher  harmonics generated by t h e  sampler in t h e  

@ loop being fed back. I f  the system i s  low-pass, however, t he  e f f e c t s  

of t hese  harmonics w i l l  be neg l ig ib l e .  

Figure 2 and descr ibed by (8) i s  law-pass, t he  f i c t i t i o u s  r a q l e r  and 

Since the  system shown i n  

hold method of a n a l y s i s  g ives  good r e s u l t s .  

As can be seen from Figure 19, t he  descr ib ing  func t ion  technique 

g ives  good r e s u l t s  for f requencies  less t h a t  10 cps.  The r e s u l t s  of 

t h e  Nyquist diagram us ing  s i n g l e  p r e c i s i o n  on t h e  computer f o r  z- 

t ransform methods were not  s a t i s f a c t o r y  and were inconclus ive .  This can 

be seen by comparing Figures  19 and 22. However, good r e s u l t s  a r e  

ob ta inab le  f o r  a low pass  system by t h e  z- t ransform method i f  t he  t r a n s -  

f e r  func t ion  is approximated by a few terms of the  i n f i n i t e - s e r i e s  re- 
~ 

p r e s e n t a t i o n  as given i n  (47). The d i g i t a l  computer program can be i n  

s i n g l e  p rec i s ion .  The descr ibing-funct ion technique shows t h a t  t h e  

system i s  uns t ab le  wi th  and without t h e  bending mode e f f e c t s  wi th  no 

compensation. 

f o r  t h e  r i g i d  body case  and uns tab le  when inc luding  the  bending mode 

The system is  s t a b l e  wi th  t h e  compensator, D(z), i n  (27), 

e f f e c t s .  Therefore,  some o ther  compensator i s  needed t o  s t a b a l i z e  

t h e  system f o r  both cases .  

24 
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I 

SAMPLED-DATA CONTROL SYSTEMS-BASIC THEORY 

C. L. Phillips 

Sampling operatic?n 

The sampling operation is defined as shown: 

For 

nT 5 t 5 nT + p, n = 0,1,2,. . . ) eP *(t> = e(t>, 

and fo r  

* e (t) = 0 . nT + p 5 t 5 (n + l ) T y  P 

The sampling operation can be considered as a modulation process) 

where 

m 

n=O 

Then 

26 
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Assumption 1: The p u l s e  wid th ,  p ,  i s  small compared t o  the  dominant 

c.-. L;,,Ie LV1131anta -..-.-a- of the system. Then 

ep*(t) el*(t> = pe(o)E(t) + pe(T)8(t-T) + pe(2T)6(t-2T) + . . . 

Assumption 2: Each sampler is followed by a data-hold device.  (This 

assumption i s  j u s t i f i e d  i n  the  s e c t i o n  on d a t a  holds . )  Then the  out- 

pu t  of t h e  sampler,  which is  r e f e r r e d  t o  as an  i d e a l  sampler,  i s  

i d e a l  sampler 

m 

e*(t) = e ( o ) s ( t )  + e(T)G(t-T) + ... e(nT)G(t-nT) 

n=O 

* The Laplace t ransform of e ( t)  i s  

00 

E*(s) = 6: [e*(t)] = 1 e(nT)E-nTs 

n=O 

* 
E (s)  can  be expressed i n  a d i f f e r e n t  manner. 

5,(t) = / 5 ( t  - nT) 

27 
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and suppose 

e ( t )  = 0 f o r  t < O .  

Then 

e*(t) = e ( t ) S T ( t )  

By Four i e r  analysis 

m m 
- 

Now 

The frequency spectrum of 6 T ( t )  is 

1 & ( t ) d t  = - 
T 
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Then 
m 
i 

Thus 

m 

The term e(0+)/2 does not  appear  i n  the  d e r i v a t i o n ,  because E ( t )  was  

assumed t o  occur wi th  i t s  weight equa l ly  d i s t r i b u t e d  about t he  o r i g i n .  

If &(t+) w e r e  used,  where the weight of S( t+)  occurs  a t  t = O+, t h i s  

term would appear.  This term should be p re sen t .  For a d e r i v a t i o n ,  

see P i e r r e  and Kolb, Reference 5. 

I f  t h e  s i g n a l  e ( t )  has  t h e  frequency spectrum 

then ,  from 

m 
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E*(s)  has the  frequency spectrum 

A 1 E ( j a )  
1 

From t h i s  spectrum it  i s  seen  t h a t  t h e  o r i g i n a l  s i g n a l  can  be recovered 

by an  i d e a l  low-pass f i l t e r  if 

This  i l l u s t r a t e s  Shannan’s sampling theorem, which s t a t e s  t h a t  i f  a 

s i g n a l  conta ins  n o  frequency higher  than  mc r ad ians  per  second, i t  i s  

completely cha rac t e r i zed  by the  values of t h e  s i g n a l  measured a t  

i n s t a n t s  of t i m e  separa ted  by T = f i ( 2 ~ : / ~ 1 ) ~ )  second. 
- * 

S t i l l  another  express ion  f o r  E (s) can be obtained by complex 

convolut ion.  Since 

C- j m  
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Now 

* 
Using the  f i r s t  i n t e g r a l  above f o r  E (s) , 

C- jm 

t he  condi t ions-on C are such t h a t  t h e  po le s  of t h e  two func t ions  i n  the  

!-plane are as shown. 
I 

I J 

The i n t e g r a l  can  be expressed as the i n t e g r a l  around t h e  c losed  pa th  

minus t h e  i n t e g r a l  around the i n f i n i t e  arc. If 

then  t h e  i n t e g r a l  around t h e  i n f i n i t e  arc i s  z e r o ,  and 
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h e s  o 

Using - 

C+ j m  

C- j m  

The poles  of + ( c )  now f a l l  w i th in  t h e  c losed  pa th .  Then 

' r e s idues  of +(C)E(s-C) 
L E*(s) = 

a t  poles  
of h(0 

The po le s  of +(() occur a t  5 = f jms, n = a l l  i n t e g e r s ,  and 

m - 

n=- 03 

If 

l i m  

C-J 

CE(C) = e(o+) + o , 

t h e  term e(O+) /Z  must be added t o  the  equat ion  f o r  E*(s). 

r e fe rence  t o  P i e r r e  and Kolb f o r  the proof .  

See t h e  above 

* 
Prope r t i e s  of E (s) 

E (s) i s  a pe r iod ic  func t ion  wi th  a per iod,  jus. 
* 

1) 

Proof:  
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- nTs E*(s) = 

n=O 

slr 

* E ( s  + mus) = 7 e(nT)E-nTsc-jnmusT m = i n t e g e r  

NOW 

T h U S  co 

E * ( s  + jm,) = 1 e(nT)E‘nTs = E*(s) 

n=O 

* 
2) I f  E ( s )  has  a po le  a t  s = si ,  then,  E (s) must have po le s  a t  

s = s 1  + jmS (m = a l l  i n t e g e r s  from -Q) t o  w). 

Proof:  I f  e(o+) = 0 ,  

m 

I * 
E ( s )  = $ 7 E ( s + j w s )  = . . .+ E ( s - j r u s )  + E ( s )  + E(s+jmS)+. . . 

_ _  

A r e s u l t  of t h i s  proper ty  i s  shown i n  the  s -p lane  diagram. Assume 

t h a t  t he  c i r c l e d  po le s  shown are the po le s  of E ( s ) .  

the  po le s  shown. 

Then E*(s) has  

The The po le s  of E*(s) occur i n  p e r i o d i c  s t r i p s .  

s t r i p  cen te red  about t he  real  axis i s  r e f e r r e d  t o  as the  primary s t r i p ,  

and a l l  o t h e r  s t r i p s  are r e f e r r e d  t o  as complementary s t r i p s .  I f  t h e  
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those  shown boxed, t h e  po le  d i s t r i b u t i o n  of E*(s) would no t  change. 

This  i s  shown by the  f i g u r e  below. Note t h a t  even though the  fre- 

quencies  of t h e  two s i n e  waves a r e  d i f f e r e n t ,  t h e  sampled output  waves 

are the  s a m e .  

D a t a  Holds 

The output  s i g n a l  of a sampling device i s  no t  i n  u s e f u l  form, 

but  must be recovered by a d a t a  h o l d .  Le t  



35 

where e ( t )  i s  the  s i g n a l  p r i o r  t o  sampling. 

expans ion  

Now,  by Taylor ' s  series 

e,(t) = e(nT) + e'(nT)(t-nT) + elto (t-nT)2 + . . . 
2! 

m io rebuiici  the s ignal  exactly,  a l l  of C i i e  t e r s  of the eirpansi~ri must 

be used. 

t h e  f i r s t  two terms i n  a f i r s t - o r d e r  ho ld ,  e t c .  

P r a c t i c a l l y , o n l y  t h e  f i r s t  term i s  used i n  a zero-order  ho ld ,  

For t h e  ze ro  o rde r  ho ld ,  

An example i s  given i n  t h e  f i g u r e  below. 

TD determ-ne the  t r a n s f e r  func t ion  of  a zero-order  hold, f o r  a u n i t  

impulse i n p u t ,  t h e  ou tpu t  must be a s  shown. Let  H,(s) be t h e  t r a n s f e r  

func t ion  of t h e  zero-order  ho ld .  Then 



-Ts 1 - E  E0(s) = Ho(S)Ei(S) = Ho(S) = 

The frequency response of a zero-order  hold i s  as shown. 

CL) 

w 

As s t a t e d  o r i g i n a l l y ,  t h e  width of t h e  p u l s e s ,  p ,  may be omitted i f  

t h e  sampling device i s  followed by a hold.  I n  the  phys ica l  system, 

t h e  hold does not  have t h e  t r a n s f e r  func t ion  g iven ,  s i n c e ,  i n  t h e  

p h y s i c a l  system, t h e  inpu t  pu lses  a r e  of f i n i t e  he igh t .  However, t he  

output  o f  t h e  phys ica l  hold is  i d e n t i c a l  wi th  the  output  o f  Ho. 

i n  e i t h e r  c a s e ,  t he  c o r r e c t  s igna l  appears  a t  the  output  of t he  d a t a  

hold .  

Thus, 

~~ 

For the  f i r s t - o r d e r  ho ld ,  the va lue  e '(nT) i s  no t  known. It i s  

normally approximated by 

e(nT) - e [  (n-l)T] 
e ' (nT)  = 

T 

An example us ing  the  f i r s t - o r d e r  hold i s  g iven  below. 
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A 
- 

output of hold 

+ As has been shown, E ' ( s )  is a transcendental function. The corn- 
-m I plex variable s appears only in t he  forn E&'. If the substitution is 

L J 9 = -  L I l  2 

I '  and E(z) is a rational fraction in z .  E(z) is termed the z-transtorm 

I of e(t), or the z-transform o f  E ( s ) .  Since 

then 

m 

E(z) = 1 e(nT)z-" 
n=O 
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A l s o ,  s i n c e  

1 E*(s) = ) r e s idues  of E( ( )  
_I 3 - - T ( s - f )  

L - - t  

t hen  

1 
E(z) = 1 residues  of E([;) TCZ- 1 

1 - E  
a t  po le s  

of E(5) 

Consider t he  z- t ransform i n  terms of t ransforming from the  s-plane 

t o  t h e  z-plane.  

of t h e  s -p lane  t ransforms i n t o  t h e  i n t e r i o r  of t h e  u n i t  c i rc le  i n  t h e  

It i s  seen  t h a t  t h e  primary s t r i p  i n  t h e  l e f t  h a l f  

I 

I ____f 

t Izi 

z-plane.  

h a l f  of t h e  s-plane t ransforms i n t o  t h e  i n t e r i o r  of t h e  u n i t  c i r c l e  

i n  t h e  z-plane.  

A l s o ,  it is  seen  t h a t  each complementary s t r i p  i n  t h e  l e f t  
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System Analysis 

Consider t he  open-loop system 

Now 

But 

E*(S +jTIws) = E*(s> 

Thus 

C*(s) = E K ( s )  1 ) G ( s + j m , )  = E*(s)G*(s) T i ,  

Or 
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A l s o  consider 

A l s o  

A ( s )  = G(s)E(s )  

and 



Now 
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c ( ~ )  = H(Z)GE(Z) 

For t h i s  system, a t r a n s f e r  func t ion  independent of E(s )  cannot be 

w r i t t e n .  

being app l i ed  t o  a cont inuous-data  t r a n s f e r  func t ion ,  a t r a n s f e r  

In  gene ra l ,  if t h e  input  s i g n a l  i s  no t  sampled p r i o r  t o  

f u n c t i o n  f o r  t h e  system cannot be w r i t t e n .  

Consider t he  closed-loop system 

E*(s) = R*(s) - (GH)*(s)E*(s) 

O r  

E*(s) = R* (s )  

1 + (GH)*(S) 

Thus 

and 
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C*(s) - G * ( s )  

R*(s) 1 + (GH>*(s> 

O r  

Consider t h e  r i g i d  body system f o r  a Saturn-type veh ic l e  wi th  .. 
t he  y channel  omit ted.  

D r e p r e s e n t s  a d i g i t a l  compensator and Ho a zero-order  ho ld .  

system i s  opened a t  Q R ~  with  a n  input  E i ( s )  and an output  E0(s), then  

I f  t h e  

O r  
w,,H,D*E~ * 

Be = 
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O r  

Thus 

If t h e  system is opened a t  

For t h i s  case, no t r a n s f e r  func t ion  i s  poss ib l e .  

Nyquist C r i t e r i o n  

The Nyquist c r i t e r i o n  is  app l i cab le  t o  t h e  z-plane i f  t he  c o r r e c t  
- 

pa th  i s  used. The Nyquist pa th  is the  s -p lane  t ransforms i n t o  the  pa th  

shown i n  t h e  z-plane through t h e  t ransformat ion  z = csT. 
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For cases  t h a t  only t h e  jc; a x i s  i s  r equ i r ed  i n  the  s -p lane ,  only the  

u n i t  c i r c l e  i s  r equ i r ed  i n  the  z-plane.  Note t h a t  the  l e f t  ha l fp l ane  

of t h e  s -p lane  t ransforms i n t o  the i n t e r i o r  of t h e  u n i t  c i r c l e  i n  t h e  

z-plane.  

For c e r t a i n  a p p l i c a t i o n s ,  i t  may be more convenient t o  work i n  a 

p iane  that  h a s  t h e  same prope r t i e s  of t h e  s-plane wi th  r e s p e c t  t o  

s t a b i l i t y .  The w-plane has  these  p r o p e r t i e s .  The t ransformat ion  

The u n i t  c i r c l e  i n  t h e  z-plane transforms as shown. The imaginary 

I 

1 
I Iwi 

axis i n  t h e  w-plane i s  t h e  boundary between the  s t a b l e  r eg ion  f o r  

po le s  ( the  l e f t  ha l fp l ane )  and the uns t ab le  r eg ion  ( the  r i g h t  ha l fp l ane ) .  
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TABLE 1 

Comparison of the Describing Function and Equation (47) 
When Broken i n  t~ Channel (See Fig. 19) 

req. hz 

0.07 

0.76 

1.25 

3.06 

5.00 

7.50 

8.00 

8.50 

9.00 

9.50 

10.5 

11.0 

12.5 

escribing Function 

ag. dB. 

-7.8 

-16.8 

-21.2 

-27.0 

-50.4 

-61.0 

-62.3 

-63.7 

-65.1 

-66.4 

-67.7 

-70.0 

-73.4 

ngle  deg. 

i 12 

56 

129 

-46 

- 148 

162 

157 

149 

144 

133 

132 

122 

108 

~ ~~~ 

Equation (47)(n = $ 2) 

Mag. db. 

-7.8 

-56.S 

-21.2 

-27.0 

-50.4 

-61.0 

-62.7 

-64.3 

-65.9 

-67.6 

-69.3 

-72.9 

-77.4 

mgle deg. 

112 

56 

129 

-46 

- 148 

165 

159 

154 

150 

147 

144 

145 

176 

Equation (4?)(n = 2 10) 

Mag. db. 

-7.8 

-16.8 

-21.2 

-27.0 

-50.4 

-61.1 

-62.8 

-64.5 

-65.9 

-67.8 

-69.5 

-73.3 

-77.4 

Angle deg. 

112 

56 

129 

-46 

- 148 

165 

159 

154 

150 

147 

144 

147 

180 



I 
I 
I 

I 
1 

49 

I 
?-I 



I 
I 50 

i 
I 
I 

n 
a 

W 

zo 
U 
a 
C 

C 
rl 



n 
m 
W 
r( 

c3 

T 

+> 

I + - - -  I 
! 
I 
I 
I 
I 
I 
I 
I 
I 
I 

i I 4 'r j I  
I 

L--t--' 

1 

-8  

I_ 
n 
m 

L3 

W 
hl 

3 I 

$4 
aJ 
4 



52 

2 a 
m 

s a a 

. .  
a c 
M 
d m 
u c 
al 



53 

0 
'i AXi* 1 

a 1  *i 

Fig .  5--Composite s i g n a l  flow graph of f i g u r e  3 (N=2)  
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F i g .  6--Frequency spectrum of ideal sampler output 
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Fig. g--Gain c h a r a c t e r i s t i c s  of i d e a l  f i l t e r .  

F ig .  10--Open-loop sampled system. 
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Fig. 13--System shown in figure 1 redrawn 



8 
, I  
1 

8 
1 
I 
1 

e 

t 

u 
0 

r I 

iL T 

60 

UY 
a, 
-0 
0 
E 
M 
iz 

'0 c 
a, 
P 

M 
C 
4 
'El 
5 
I+ 

u 
e 
4 

E ar 
u 
v) 
h 
UY 

'0 
c) 

M 
.rl 
Frr 



61 

F i g .  15--Input and output  wave of the  sampler and zero-order ho ld  
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